We extend some results and concepts of single-time covariant Hamiltonian field theory to the new context of multitime covariant Hamiltonian theory. In this sense, we point out the role of the polysymplectic structure δ⊗J, we prove that the dual action is indefinite, we find the eigenvalues and the eigenfunctions of the operator (δ⊗J)(∂/∂t) with periodic boundary conditions, and we obtain interesting inequalities relating functionals created by the new context. As an important example for physics and differential geometry, we study the multitime Yang-Mills-Witten Hamiltonian, extending the Legendre transformation in a suitable way. Our original results are accompanied by well-known relations between Lagrangian and Hamiltonian, and by geometrical explanations regarding the Yang-Mills-Witten Lagrangian.
Introduction.
As it is well known, the fields theories have a Lagrangian and Hamiltonian structure, since the interactions are mathematically modeled with energetic Lagrangians-Hamiltonians (related by Legendre transformations) and their associated action functionals.
The single-time Hamilton equations appeared for the first time in a paper of Lagrange (1809) on perturbation theory, but it was Cauchy (1831) who first gave the true significance of those equations. In 1835, Hamilton put those equations at the basis of his analytical mechanics and gave the first exact formulation of the least action principle. The theory of single-time Hamilton equations with periodic boundary conditions was initiated by Birkhoff (1917) who proved that the dual action is indefinite. Since then, there were produced a lot of valuable papers that are now summarized in the book of Mawhin and Willem [6] .
The multitime Hamilton equations were first written in a book by de Donder [2] . But, to the authors' knowledge, there is no prior work aimed at developing a theory of multitime Hamilton equations with periodic boundary conditions. This is the first subject of the present paper.
Some of the most important Lagrangians are those defined by Yang and Mills (1953) and Witten [18] to produce modern explanations in quantum field theory (Maxwell or Dirac equations). The second subject of the present paper is to introduce and study the (single-time and multitime) Hamiltonian for a Yang-Mills-Witten functional.
Section 1 of this paper contains historical and bibliographical notes. Section 2 (Section 3) recalls the relations between the equations of single-time (multitime) first-order Lagrangian field theory and the covariant Hamilton equations on the finite-dimensional symplectic (polysymplectic) phase space of covariant Hamiltonian field theory. Section 4 develops a theory of multitime Hamilton equations with boundary conditions. Section 5 studies the Yang-Mills-Witten Hamiltonian. Consequently, the (second-order) ODEs (2.1) are equivalent to (first-order) ODEs (2.4).
Single-time Hamilton canonical equations. If
L : R×R 2n → R, (t, x i ,ẋ i ) → L(t, x i , x i ) is
Conservation of the Hamiltonian.
Since 6) it follows that H is a first integral for the Hamilton equations if and only if the Lagrangian does not depend explicitly on t (autonomous Lagrangian).
The Hamilton equations can be written in a compact form:
is the symplectic (complex) structure on R 2n .
The minimization of the dual single-time action, the eigenvalues and the eigenfunctions of J(d/dt) with periodic boundary conditions, and existence of periodic solutions of single-time Hamilton equations were discussed in [6] . 
Multitime Hamilton canonical equations. Let
(summation over α).
Proof. The definitions (3.2) and (3.3) imply
The Euler-Lagrange (second-order) PDEs (3.1) are equivalent to Hamilton (first-order) PDEs (3.4).
Conservation of the energy-momentum tensor field. The energy-momentum tensor field is defined by
We compute the divergence of this tensor field. We find
Consequently, the energy-momentum tensor field is conserved if and only if the Lagrangian L does not depend explicitly on t α (autonomous Lagrangian). We will use also the polysymplectic structure
Minimization of dual multitime action. The Hamilton equations can be written in the form
discovered by the first author [13, 16, 17] . In this sense, we introduce the notations
where ϕ, ϑ are the canonical isomorphisms:
and we can give the Hamilton equations the following more compact form:
According to the standard Riemannian metric on R n+np , which is given by the matrix
, the associated Hamilton multitime action ψ is given by
where u = (x, p), u = ∂u/∂t, dv = dt 1 ∧···∧dt p , and
As it is well known, the Euler-Lagrange equations associated with the action ψ are equivalent to (3.4) . The action ψ is indefinite. This is easily shown by substituting the function u with the sequence of functions
into the previous integral; we choose
It follows that Consequently,
That is why the direct method of the calculus of variations cannot be applied directly and more sophisticated approaches like minimax methods, isoperimetric natural constraints, or dual least action principles have to be used. In a forthcoming paper, we will concentrate on the case where the Hamiltonian H(t, u) is convex in u, in which case the dual least action principle seems to provide the best results in the simplest way. Here we discuss the eigenvalues and the eigenfunctions of the operator (δ ⊗ J)(∂/∂t) with periodic boundary conditions: Since the set of eigenvalues λ of the differential operator δ ⊗ J is unbounded (from below and from above), the quadratic form
is indefinite on the space
Proof. By assumption, the function u has a Fourier expansion 
Proof. We use the deviatioñ
The Cauchy-Schwarz inequality and inequality (4.25) imply
(4.30)
Witten-type Hamiltonians.
The study of the Yang-Mills-Witten-type functionals [1, 3, 4, 5, 7, 8, 9, 10, 11, 12, 14, 15] , which was initially related to a modern approach of the Maxwell or Dirac equations, gave extremely important results for the development of the differential geometry. This theory which is both experimentally and theoretically grounded, became very interesting and with many possible applications and open problems for research. In this section, we will apply the Hamiltonian formalism to a functional of this type.
Let Spin
which induces the projections
and also the morphism (4) . Let (X, g) be a Riemannian, compact, and oriented 4-manifold. Let (P c ,γ) be a Spin c (4)-structure in (X, g) and Σ ± = P c × ± C 2 , its associated spinor-vector bundles.
We will consider as well the complex line bundle det
also the space of the unitary connections in det Σ + , denoted by Ꮽ(det Σ + ). The space
has a natural structure of affine space modeled over the vector space iA
where A 1 (X) is the space of the C ∞ − 1-forms defined on the manifold X. Let
norms · are L 2 -norms, andÂ is the connection naturally induced in Σ + by A and by the Levi-Civita connection of (X, g). We assume that the restriction of the Riemannian structure g to a coordinate neighborhood is Euclidean and we make our computations only over this neighborhood. It follows that the Levi-Civita connection associated to g has its coefficients, the curvature, and its scalar curvature all equal to 0. Under such conditions, we apply the single-time or multitime Hamiltonian formalism, and we will use the symbol sigma with indices for summation.
If the connection A has its local associated form ia,
Lemma 5. These equations follow from direct computations. Also, the first coordinate t 0 has been privileged and considered as a time variable.
Multitime Hamilton equations.
There are a lot of problems in which there is no reason to prefer one variable to the other by choosing it as time. In such cases, we use those field theories which involve many time variables (multitime or multiparameter).
In this section, we study the same functional, but instead of a single-time one, we will consider it as a multitime functional, with no privileged variable t α . We use for our computations the appropriate Hamiltonian formalism which has been given in Section 3. This formalism has been also studied and developed in [3, 4, 13, 16, 17] . The momenta associated to L will be denoted by (5.14)
The equations thus obtained, 
where g αβ = g βα .
